SMALL REPRESENTATIONS FOR AFFINE g-SCHUR ALGEBRAS 



JIE DU AND QIANG FU 

04 , Abstract. When the parameter q £ C is not a root of unity, simple modules of affine g-Schur 

^— ■») , algebras have been classified in terms of Frenkel-Mukhin's dominant Drinfeld polynomials ([6l 

' 4.6.8]). We compute these Drinfeld polynomials associated with the simple modules of an affine 

' g-Schur algebra which come from the simple modules of the corresponding g-Schur algebra via 

I ^ . the evaluation maps. 

o ■ 

r— 1! 1. Introduction 

^: 

Small representations of quantum affine s[„ are the representations which are irreducible when 
. regarded as representations of (non-affine) quantum s[„. In other words, by the evaluation maps 

. [11] from Uc(s[n) to ^cis^n)^ these representations are obtained from irreducible representations 

, ^ of quantum Qi^. Small representations have been identified by Chari-Pressley [3] in terms of 

Drinfeld polynomials whose roots are described explicitly but fairly complicatedly. 
J> ' When the parameter is not a root of unity, simple representations of affine g-Schur algebras 

I have also been classified [6l Ch. 4] in terms of finite dimensional simple polynomial representation 

I for the quantum loop algebras of gl^. These representations are labeled by dominant Drinfeld 

' I polynomials in the sense of [9]. Using the evaluation maps from affine q'-Schur algebras to 

', Q'-Schur algebras, every irreducible representation of a g-Schur algebra becomes an irreducible 

T-H . representations of the corresponding affine g-Schur algebra. Motivated by the work of [3], we 

^> . will identify these small representations of affine g-Schur algebras in this paper by working out 

^ ■ precisely their associated dominant Drinfeld polynomials. 

■ Our method uses directly evaluation maps from affine g-Schur algebras to g-Schur algebras. 

By a compatibility relation with evaluation maps for quantum sl„ and gl^ (Proposition 15. 4p . we 
will reproduce Chari-Pressley's result [31 3.5] with simplified formulas for the roots of Drinfeld 
polynomials associated with small representations of Uc(s[n)- In this way, the dominant Drinfeld 
polynomials for small representations of affine g-Schur algebras can be easily described by their 
roots in segments; see Corollary 17.31 

In a forthcoming paper, we will look at a more general question. Since every simple representa- 
tions of an affine g-Schur algebra can be obtained by a generalized evaluation map from a simple 
representation of a certain cyclotomic g-Schur algebra introduced by Lin-Rui |13] . it would be 
interesting to classify those which are infiated from semisimple cyclotomic g-Schur algebras. By 
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JIE DU AND QIANG FU 



identifying them, we would be able to construct a completely reducible full subcategory of finite 
dimensional modules of an affine g-Schur algebra. 

The paper is organized as follows. The first three sections are preliminary. Starting with the 
definitions of the double Ringel-Hall algebra S)a,c("') and the quantum loop algebra Uc(0l„) 
of g[„ and an isomorphism between them in §2, we discuss in §3 polynomial representations of 
Uc(0^n) and the tensor space representations of Sa,c(^) and present a classification of simple 
modules for the affine g-Schur algebras. In §4, we look at the classification of simple modules 
of the affine g-Schur algebras arising from representations of affine Hecke algebra. Evaluation 
maps from affine g-Schur algebras to g-Schur algebras are defined in §5 and we also prove a 
certain compatibility identity associated with the evaluation maps for quantum groups. In §6, 
we reproduce naturally a result of Chari-Pressley by simplifying the formulas for the roots of 
Drinfeld polynomials associated with small representations of quantum sin- Dominant Drinfeld 
polynomials associated with small representations of affine g-Schur algebras are computed in §7. 
We end the paper with an application to representations of affine Hecke algebras. 

Throughout the paper, g € C* := C\{0} denote a complex number which is not a root of unity. 
For m,n G Z+ := N\{0}, m ^ n, let 



[m,n] = {m,m + 1, . . . ,n}, W„ = ^, and 

All algebras are over C. 



n 
m 



[n]g[n - l]g • ■ ■ [n - m + l]g 

Mq[m - l]g ■ ■ ■ [l]g 



2. Quantum loop algebras: a double Ringel-Hall algebra interpretation 



We define two algebras by their generators and relations and give an explicit isomorphism 
between them. The first algebra is constructed as a Drinfeld double of two extended Ringel-Hall 
algebras. 

Let (cjj) be the Cartan matrix of affine type A and let / = 'LjnTL = {1, 2, . . . , n}. 

Definition 2.1 ([6, 2.2.3]). The double Ringel-Hall algebra 2)a.c(™) of the cyclic quiver A(n) 
is the C-algebra generated by Ei, Fi, Ki, K^^, zf , zj, for i G I, s G l^'^, and relations: 

(QGLl) K,Kj = KjK„ K.R-^ = 1; 

(QGL2) K,Ej = q^^'^-^^'^+^EjKi, K,Fj = q-^^'^+^^'^+^ FjKi; 
(QGL3) E,Fj - FjE, = 6, 

(QGL4) (-1)" 



a+b=l—Ci 



q-g 

1 - c,- 



a 

l-o. 



where Ki = KiK-^-^ 
EtE,E\ = for i / j- 



a 



F^FjF^ = for i / j; 



(QGL5) (-1)'^ 

a+b=l—Ci,j 

(QGL6) Z+Z+ 
(QGL7) K,z+ 

(QGL8) Eat = 4Ei, E.Zs = z^^*, F^^s = ^s^u and z+F, = F.zj 



z+Ki, KiZ^ 
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where i,j € I and s, t € Z+. It is a Hopf algebra with comultipHcation A, counit e, and antipode 
a defined by 

A{Ei) = Ei®Ki + l(^ Ei, A{Fi) = 1 + Kr^ ® Fi, 
A(Kfi) = Kf^ ® Kf\ A(z±) = z± ^ 1 + 1 z±; 
e{Ei) = e{Fi) = = e(z±), e{Ki) = 1; 
a{Ei) = -EiKr\ a{Fi) = -KiF,, cj{Kf^) = Kf\ 
and a{zf) = -zf, 



where i G I and s € Z^. 

Let Uc(sl„) be the subalgebra generated by E'j, Fj, Ki,K^^ for i G [l,?^]- This is the 
quantum affine s[„. Let U/^{n)c (resp., U{n)c) be the subalgebra generated by Ei, Fi, Kj, Kj^ 
for i,j G [1,™] (resp., i G [l,n), j G This is the (extended) quantum affine 5[„ (resp. 

quantum 

The second algebra follows Drinfeld [8]. 

Definition 2.2. The quantum loop algebra Uc(0ln) (^"^ quantum affine 0[„) is the C-algebra 
generated by x^^ (1 ^ i < n, s G Z), k^"*^ and gj^t (1 ^ i ^ n, i G Z\{0}) with the following 
relations: 

(QLAl) kikri = 1 = kr^ki, [k^.k^] = 0; 
(QLA2) kix± = g±(^-^-^-^+i)x±,ki, [ki,g,-,] = 0; 

'o ifi/j,j + l, 



(QLA3) [gM,xJ] = { 

(QLA4) [g,,„g^.i] = o; 

(QLA5) [x+,xTj = 5„-%=$^; 

(QLA6) x± x± = x±^x± , for \i - j\ > 1, and K>+i, xjj^ic,,^ = -[x± x± ]^±c,,. ; 

(QLA7) [xj,, [x^t,xjp],]g = -[xjp, [xj^,xjj5]g for |i - j| = 1, 

where [x,y]a = xy — ayx and (pf^ are defined by the generating functions in indeterminate u: 
with kj = ki/ki+i (k„+i = ki) and hj^^ = g(*"^)™gi,m - g(*+i)"'gi+i,m (1 ^ i < n). 



Beck [T] proved that the subalgebra, called the quantum loop algebra of s[„, generated by all 
x^^, k^"^ and hj^^ is isomorphic to Uc(s[„). 
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Set, for each s € Z+ and each i € [l,n), 

= =F-nr(gl,±s H h gn.±s), 

/ 2 2 11 — — — — 

'^i = [^ri-1,0' [^n-2,0' " ' ' [^i+1,0' [^1,0' ■ ■ ■ ' [^i-i,0'^i,i]g-^ ■ ■ 'Ig-^lg-^lg-^lg-^' ^^'^ 

^1 = [■ ■ ■ [[^t-i' ■^^o]«' ^s^olq' ■ ■ ■ ' ^n-i,o]g- 

The followmg isomorphism extends Beck's isomorphism. 

Theorem 2.3 ([6l 4.4.1]). There is a Hopf algebra isomorphisr^ 

f ■■ ^A,c{n) Uc(gt„) 

such that 

Kf^ ^ kf\ Ej ^ x+o, Fj ^ x-Q (1 i ^ n, 1 ^ i < n) , 

It is known from [5l Rem. 6.1] that, for every 1 ^ z ^ n — 1, 
(2.3.1) f{En) = qXi^n = {-IY-\X,^. 

The following elements we define will be used in defining pseudo-highest modules in next 
section. 

For 1 ^ j ^ n — 1 and s € Z, define the elements ^j^s £ Uclsln) through the generating 
functions 



Note that 

(2.3.2) ^n-)=w-h 



±1 ._z±i -n^i^^) 



For 1 and s G Z, define the elements ^i^s G Uc(sl„) through the generating functions 

(2.3.3) ^f{u) := exp ( - ^ -^g^^±i(gn)^M = Y,^i,±sU^' G Uc(Rj[[n, n^^]]. 

Note that 

for 1 ^ j ^ n — 1. 



""^Note that /luj,(~[ j is the same map as given in '5', Prop. 6.1] as [a;, y]q-i = q'^^'^iq^^'^xy — q^^^'^yx). However, 
the map used in [3l Prop. 2.5] is the / here followed by an automorphism of the form x^^ i— >■ ffl^x,^^, gi,t i-)- a*gi,t, 
and ki h-)- k; for some a G C. 
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3. Simple pseudo-highest weight Uc(0f„)-MODULES 

Let y be a weight Uc(s[„)-module (resp., weight Uc(0f„)-module) of type 1. Then V = 
ffi/iGZ"-i^/i (resp., V = ®xeZ"Vx) where 

V^ = {v eV \ ijW = qf^^w, VI ^ j < n} (resp., Vx = {v e V \ kjw = q^^w, VI < j < n}). 

Nonzero elements of Vx are cahed weight vectors. 

Following [H 12.2.4], a nonzero weight vector w &V is called a pseudo-highest weight vector, 
if there exist some Pj^s £ C (resp. Qi^s € C) such that 

(3.0.5) x+^w = 0, ^j^sW = Pj^sW, (resp., x+^t(; = 0, ^i^gW = Qi^gw). 

for all s G Z. The module V is called a pseudo-highest weight module if y = Uc(s[„)i(; (resp., 
y = Uc(0ln)^) some pseudo-highest weight vector w. 

Following [9], an n-tuple of polynomials Q = {Qi{u), . . . ,Qn{u)) with constant terms 1 is 
called dominant if, for 1 ^ i ^ n — 1, the ratios Qi{q^^^u)/Qi^i{q^^^u) is a polynomial. Let 
Q{n) be the set of dominant n-tuples of polynomials. 

For Q = (Qi(n), . . . ,Qniu)) G Q(n), define Qi^s G C (1 ^ i ^ n, s G Z) by the following 
formula 

Here /+(n) = ni^i^m(l - Oi^) /"(^i) = ni^i^m(l - 

Let /(Q) be the left ideal of Uc(0[„) generated by ±^^,£2i^s — Qi,s, and kj — q^% where 
l^J^Ji- — 1, l^i^n, sGZ, and Aj = degQi{u). Define Verma type module 

M(Q) = Uc(0y//(Q). 

Then M(Q) has a unique (finite dimensional) simple quotient, denoted by L(Q). The polyno- 
mials Qi{u) are called Drinfeld polynomials associated with i(Q). 

Similarly, for an (n — l)-tuples P = (Pi(u), . . . , P„_i(n)) € ^(n) of polynomials with constant 
terms 1, define Pj^s G C (1 ^ j ^ n — 1, s G Z) as in Pp{u) = Yl s^o ^h±sU^'^ and let 

= degPj{u). Replacing ^i^s — Qi,s,^i — by i^i^s — Pi,s,'^i — q'^^ in the above construction 
defines a simple Uc(s[n)-module L(P). The polynomials Pi{u) are called Drinfeld polynomials 
associated with L(P). 

Theorem 3.1. (l)fl9]J The \Jc{Qln) -modules L{Q) with Q G Q(n) are all nonisomorphic finite 
dimensional simple polynomial representations o/Uc(0fn)- Moreover, 

^(Q)luc(ri„)^^(P) 

where P = (Pi(u), . . . ,P„_i(u)) with Pi{u) = Qi{q'-^u)/Qi+i{q'+^u). 

(2)(l2ll3]J Let V{n) he the set of (n — l)-tuples of polynomials with constant terms 1. The 
modules L{F) with P G V{n) are all nonisomorphic finite dimensional simple \Jc{5ln) -modules 
of type 1. 
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Let (resp., ^n,c) be a vector space over C with basis {wj | z G Z} (resp., {oji | 1 ^ i ^ n}). 
It is a natural D^^£{n)-module with the action 

Ei-ujs = 5i+i,gWs_i, Fj • = 6isUJs+i, Kf^ ■ Us = q'^^'-^'us, 

(3.1.1) ^ _ _ 

' — ^s-tni ana • <^s — Ws+tn- 

Hence, r^n.c is a C/(n)c-module. 

Note that there is no weight vector in ilc which is vanished by ah Ei. Hence, this is not a 
highest weight module in the sense of [14j . 

The Hopf algebra structure induces a 3A,c('T')-™odule f^®*^, and hence, an algebra homomor- 
phism 

(3.1.2) Cx,r : S)A,c(n) 
Similarly, there is an algebra homomorphism 

(3.1.3) Cr : U{n)c 

The images Si^{n,r)£ = im((^^r) and S{n,r)£ = im(^r) are called an affine g-Schur algebra and 
a (7-Schur algebra, respectively. 

The study of representations of affine g-Schur algebras |6i Ch. 4] shows that all finite dimen- 
sional simple Uc(5l„)-modules L{Q) constructed above are simple '^)c-™odules. They are 
nothing but the composition factors of all tensor spaces. 

Theorem 3.2. Let Q{n)r = {Q G Q{n) \ r = J2^=i deg(5i(n)} and let lTr{Si:,{n,r)c) denote the 
set of isoclasses of simple S^{n,r)c-modules (and hence, simple VcIqI^) -modules under Ch^r)- 
Then 

IJ Irr(5^(n,r)c) = {[L(Q)] | Q G Q(n)}, 

and {[L(Q)] | Q G Q(n),.} is a complete set of isoclasses of simple Si^{n, r)c-modules. Moreover, 
every L(Q) with Q G Q{n)r is a quotient (equivalently, subquotient) module of , and every 
composition factor of Q^"^ is isomorphic to L(Q) for some Q G Q{n)r- 

Proof. The first assertion is the classification theorem of simple Si^{n, r)c-modules (see [6l 4.5.8]). 
The second assertion follows from the fact that every finite dimensional 5A(f^, r)c:-module is a 
homomorphic image of Q'^^ (|6, 4.6.2]). The last assertion is clear since every composition 
factor of is an SA{n,r)c-module and every simple 5a(?i, r)c-module is finite dimensional [U 
4.1.6]. □ 

4. Affine g-ScHUR algebras and their simple representations 

Let (5A,r be the affine symmetric group consisting of all permutations u) : Z — )■ Z such that 
w{i + r) = w{i) + r for i G Z. Then, S^.r — &r x Z'', where &r is the symmetric group on r 
letters. Let A(n,r) = {A G N" | r = |A|} be the set of compositions of r into n parts and, for 
A G A(n, r), let ©a be the Young subgroup of 6r (or of ©A.r)- 
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Let A~^{n, r) be the subset of partitions (i.e. weakly decreasing compositions) in A(n, r). Thus, 
A+(r) = A^"(r, r) is the set of all partitions of r. For partition A, let A' be the dual partition of 
A (so A^, = #{j I A,- ^ i}). 

Let 1-Li\{r)c be the Hecke algebra associated with ©A.r- Thus, T-L^{r)c has a presentation with 
generators Ti,Xj (i = 1, . . . , r — 1, j = 1, . . . , r) and relations 

{Ti + l){Ti-q^)=0, 

TiTi^iTi = Tj+iTjTi+i, TiTj = TjTi {\i — j\ > 1), 

XiX- ^ = 1 = X- ^Xi, XiXj = XjXi, 

T.XiTi = q^Xi+i, XjTi = T,Xj {j + 

Let 'H{r)c be the subalgebra generated by all Tj. This is the Hecke algebra of &r- 

Following [iTj, the tensor space Q,'^^ admits a right ■HA('^)c-™odule structure defined by 

f 

• X^^ = • • • Wi,_ia;j(+„a;jj_|.i • • • , for all i G U 

g^Wi, if ifc = ifc+i; 

^^i • Tfc = S g'CJisj^, if ifc < ifc+i; for all i € /(n,r), 

[ Q'Wisj^ + (q'^ - l)wi, if ifc+i < ifc, 

where 1 ^ A; ^ r — 1, 1 ^ t ^ r, and the action of &r on /(n, r) := [1, n]^ is the place permutation. 
Apparently, this also defines an action of T-L{r)c on i^®^. 

The formulas of the comultiplication on ()2.1.ip and the first relation in ()4.0.ip implies 
immediately the following. 

Lemma 4.1 ([6, (3.5.5.2)]). For any i = (zi, . . . , v) G Z^, 

r 

• Wi = ^ (g) • • • ® UJi^_-^ ® tOi^-tn <8> UJi^+i (8> • 



(4.0.1) 



i^X*, and 

1=1 

r 



Zj • cji = ^ (g) • • • ® (g) (g) UJi^_^_^ (g) • • • (g = Wi 

S = l 4 = 1 

We have the following generalization of the fact S{n,r)c = End-^(r)c(^n c) (Z-Schur alge- 
bras. 

Theorem 4.2 ([6l 3.8.1]). The actions ofD^^c{n) and'Hi^{r)£, commute and 

S^{n,r)c = End^(,)JJ7f ) (n ^ 2,r ^ 1) and n^{r)c ^ End5,(„,,)^(J]f )°p (n ^ r). 
Let 

XA := ^ T^. 

Then, there are ?^A(^)c-™odule and ■H(r)c-module isomorphisms: 0®*" = ®AeA(n,r)2;A'^A('^)c 
and ^^^c ~ ©AeA(n,r)^A^('')c5 which induce algebra isomorphisms: 

S^{n,r)c = 'End^^(^r)c(.®\eA{n,r)Xx'HA{r)c), S{n,r)c = End-H(r)c(®AGA(n,r)a;A^(?^)c)- 
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Like the g-Schur algebras, Theorem 14.21 imphes that affine (7-Schur algebras play a bridging 
role between representations of quantum affine qI^ and affine Hecke algebras. This becomes 
possible since we have established the isomorphism / in Theorem 12.31 between double Ringel- 
Hall algebras Sa,c('^) and the quantum loop algebra Uc(0l„)- We now describe how simple 
^^(n, r)c-modules arise from simple 'Hi:,{r)£-modules. 

A segment with center a € C* and length k is by definition an ordered sequence 

[a; k) = (ag-^+\ . . . , aq^-^) G (C*)^ 

A multisegment is an unordered collections of segments, denoted by formal sum 

p 

^[a^; Vi) = [ai; i/i) H h [a^; Vp), 

i=l 

where, possibly, [a,; Ui) = [oj; Uj) for % j. 

Let be the set of all multisegments of total length r: 

S^r = {\a\\v\) H V [ap;i^p) I S C*,p,i^i ^ l,r = Sji/j}. 

For s = ELiK; I'i) ^^r, let 

{suS2,...,Sr) e {C*y 

be the r-tuple obtained by juxtaposing the segments in s and let Jg be the left ideal of 'H/^{r)c 
generated by Xj — Sj for 1 ^ j ^ r. Then Mg = ^a(^)c/>^s is a left ?^A(^)c-niodulJ§ which as 
an 'H(r)c-module is isomorphic to the regular representation of 'H{r)c- 

Let I' = (z/i, . . . , Up). After reordering, we may assume that u is a partition. Then, the element 

generates the submodule 'Hi\{r)(cyu of Mg which, as an ?{(r)c-module, is isomorphic to 'H{r)cyu- 
For each partition A of r, let E\ be the left cell module defined by the Kazhdan-Lusztig's C-basis 
[12] associated with the left cell containing wq^x, the longest element of the Young subgroup &x. 
Then, as an ?{(r)c-module, 

(4.2.1) n{r)cyu = (B { m^^.E^). 

Let V"s be the unique composition factor of the ?^A('")c-module 'His{r)cyi, such that the mul- 
tiplicity of Ey in Vs as an 'H(r)c-module is nonzero. Note that, if is ?{(r)c-irreducible, then 
Vs = Ey. We will use this fact in the last section. 

We now can state the following classification theorem due to Zelevinsky and Rogawski. The 
construction above follows [IB] . 

^Strictly speaking, the module Ms depends on the order of the segments in s. However, the module 14 below 
does not. 



SMALL REPRESENTATIONS FOR AFFINE g-SCHUR ALGEBRAS 9 

Theorem 4.3. Let Irr(HA(?')c) be the set of isoclasses of all simple 'H/s^{r)£-modules. Then the 
correspondence s i— > [Vg] defines a bijection from 5^.,. to 111(7^^ (r)c). 

Suppose n > r, we define a map 
(4.3.1) d:yr^Q{n)r, s ^ = (Qi(tx), . . . , Q„(u)) 

as follows: for s = ^f=i[aj; Vi) € let Qn{u) = 1 and, for 1 ^ i ^ n — 1, define 

Q,(n) = P,(uq-'+^)P,+i{uq-''+^) ■ ■ ■ 

where Pi{v) = Wi^j^p (1 — Oju). 

Here v = {ui, . . . ,Vp) is a partition of r. If := degPj(n) = € [ ^'j = i} and 

Aj := deg(5j(n) = € | Vj ^ i}, then A = (Ai, . . . , A„_i, A„) = v' , the dual partition of 
V, and Aj — Aj+i = fi-i for all 1 ^ i < n. 

This map is a bijection which gives the following identification theorem; see |B| §§4.3-5]. 

Theorem 4.4. Assume n> r. Then we have Si^{n,r)c-module isomorphisms ^c^®-HA{r)c ^ — 
L(Qs) for all s G Furthermore, for any n and r, the set 

{0^'' ®-H^{r)c K I s = [ai; z^i) H h [op] Vp) G p ^ 1, i^i ^ n, V«} 

forms a complete set of nonisomorphic simple Si^{n,r)£-modules. 

5. Compatibility of evaluation maps 
Following im Rem. 2], every a G C* defines a surjective algebra homomorphism 

EVfl : C/a("-)c — ^ U{n)c, the quantum 0[„ 
such that, for all 1 ^ i ^ n — 1 and 1 ^ j ^ n, 

(1) Eva(Si) = Ei, EvaiE) = F„ Eva{Kj) = Kj, 
(5.0.1) (2) EvaiEn) = aq-\Fn-i[Fn^2r-- , [F2, • • • ]g-i]^-iE:ii^„, 

(3) EvaiFn) = a-\[---[[Ei,E2]g,E3]g,--- ,En-iUKiKn)-\ 

This is called the evaluation map at a for quantum afhne s[„. Note that our definition here is 
exactly the same as given in |5l p. 316] or O Prop. 3.4] (cf. footnote 1). 

For any a G C*, there is also an evaluation map ev^ : 'Hi^{r)c 'H{r)c (see, e.g., [5, 5.1]) such 
that 

eva(ri) = Ti, 1 ^ i ^ r - 1, and 
(5.0.2) , ^ 

ev,(X,) = a(?-20-i)T,_i . . . T2T1T1T2 ■ ■ ■ 1 ^ j ^ r. 

Following the notation used in [10\ 2.1] with r = 1 and Tq = a (in the notation there), we will 
write Lj := eVa(Xj). Note that the elements a~^Lj = {q — q~'^)Cj + l where Cj = T(^ij) + T(^2,j) + 
• • • + T(j_i J) (Tw = q~^'^'^^Tyj) are the usual Murphy operators. 
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We now use the evaluation map ev^ to induce an evaluation map ev^ from the affine g-Schur 
algebra to the (?-Schur algebra. 

First, there is a right ?^^(r)c-module isomorphism W^'^ = S^®^ ®'H.{r)c ^a(^)c- Second, the 
evaluation map eva : 'Ht,{r)ic — > 'H{r)c induces a natural ?^(r)c-module homomorphism 

(5.0.3) Ea : ^ n^}:, xh^x-evaih), 

for ah X G 17®^ and h € 'Hix{r)c. 

Proposition 5.1. The linear map 

(5.1.1) ■ S^{n,r)c ^ S{n,r)c 

defined by (eva((/?))(x) = ea{'^{x)), for any Lp € 5A(n,r)c and x G f^®C' algebra homomor- 

phism. 

Proof. By regarding 'H{r)£ as a subalgebra of 'H/^{r)£, one sees easily eya\n{r)c identity 
map on 'H(r)c. This fact implies that, for any ip G 5^(n,r)c, eva{f) is an 7^(r)c-module 
homomorphism. To quickly see eVa(V'¥') = ^a{'^^)^aif)j we may identify fi^'" as the direct sum 

Mn,r)= xxn^{r)c 

AGA(n,r) 

of g-permutation modules [iTl Lem. 8.3], where xx = Tq^ = Y^wee^'^^^ take two double 
coset basis elements f = ip^^ and ip = (pt^ so that 'P'{x\) = Tq^^^&x — ^ti^xh and tpix^) = 
Te^y6^ = XyTyh' for some /i, h' G 'H{r)c, we have with = eV(j(T2) 

eVa(7/;((5)(xA) = £a{xyTyh'Txh) = x^fyh'f^h 

= eya{ip){x^)%h = eva(V')(x^f^./i) = eVa('0)(eVa(v7)(xA)) 

= (eVa(?/')eVa(99))(xA), 

as desired. □ 

In order to make a comparison of representations, we need a certain compatibility relation 
between the evaluation maps eva and Ev^ and the natural homomorphisms (^.r and Cr given in 
(j3.1.2|) and (|3.1.3p . In the rest of the section, we establish such a result. 

For notational simplicity, we will write the elements in fi®^ by omitting the tensor sign Cg). 
For i = (ii, • • • ) v) G A G A(n, r), and 1 ^ j ^ Ai, let 

Lemma 5.2. Maintain the notation above. The action ofTiT2---Ti. on uxi is given by the 
formula: 

UA.iTiTa ■■■n = g^A,fc+i + ((?' - 1) E 9''"'''^A,., 
/or a// 1 ^ ^ Ai - 1. 
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Proof. We prove it by induction on k. For k = 1, the result following from the definition ()4.0.ip . 
Suppose the result holds for any s satisfying s < k. Then, by induction, we have 

UA.iTiTs ■■■Tk= q''^W,kTk + {q^ " 1) q^''~'~\x,sTk 

l^s^fc-l 

= q''-\qnx,k+l + {q'-l)^X,k) + {q''-l) J2 ^''"'"'^A,s 

l^s^fc-l 

= g + - 1) Yl ^^^■"'"V.s, 

l^s^fc 

proving the formula. □ 

For 3 ^ /c ^ n, let 
(5.2.1) fk = [Fk-i[Fk-2,--- ,[i^2,Fi],-i 

and let f2 = Fi. Then Eva(£'n) = aq~^inKiKn- For A € A(n,r) and 2 ^ A; ^ n, let 

-^[l,A;) = Ai + A2 + • • • + Afc_i. 

Lemma 5.3. For A G A(n,r) and 2 ^ k ^ n. The action of on a tensor of the form 
• • ■uj^'^^^uj^ with j € [k,nY'^^l^-'''> is given by the formula 

l^s^Ai 

Proof Recah that acts on via A^''\Fi) = J2l=i K'^ (8) • • • K'^ (S)Fi 1 ■ ■ ■ 1 . If 

s-l '■-■5 

k = 2, the action Fi • cj^^wj = E^s^Ai ^^"''wr^^aWi'^'^^j (j G [2,n]''-^i) follows from ([HXTD . 
Assume now k >2 and j G [A;, n]''~'^li'*) . Since = [Ffc_i, f , we have 

(5.3.1) f fc • uj^' ■ ■ ■ u;^k'-i^i = Fk-ifk-i ■ UJ^' ■ ■ ■ ^t-i^j " ^^'f fc-i^^fc-i ■ OJ^' ■ ■ ■ ^^^'I'^j. 
Since 

Fk-i • • • • ^^I'^j = Yl ' • • • ^^-2' ^fcl\^fc^ fc1l''*^j > 

ia<Afc_i ' ' 

where j' G [A: — 1, n]''~'*''i''=~i' , by induction, 

Ifc-l-f^fe-l • IJJ^ • • • tJj — ^ q LO^ LOk-lUJi ^2 • • • u;^_2 '^fc-l'^fe^fc-1 '^j- 

On the other hand, by induction again, 

Fk-ifk-i -^i'--- = Yl ^'^-1 ■ 9'"'c^r'^fe-i^i'"'^2' • • • 

l^s^Ai 

-S—t ,S—1 ,^2 ,^k~2 ,t—l ^k-l—t 



(noting the extra Wfc-i) = Y ^^^-i^i' '''^2' ' ' ' '^fc-2'^fc-i^fe^fc-i' 

+ q'-'u;r'^kOJi'~'u;^'---u:t-i^y 
l^s^Ai 
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Substituting into (j5.3.ip cancels the double indexed sum and yields the desired formula. □ 
Proposition 5.4. For a G C*, we have (Cr ° Eva)(£'„) = (eva o CA,r){En). 

Proof. We need the check that the images of both sides at are equal for all A € A(n, r). 
Since A(^) {E,^) = J2l=i 1 • • • ® 1 ®Ei O Kj O ■ • ■ O Kj , 

s—1 r—s 

= aq^"-^'+^ Yl <^nUJ^''^u;^' ' ' ' ^n"TiT2 ■ ■ ■ Tj^i = aq^"-^'+^ ^ ua.iTiTs • • • 
Now applying Lemma 15.21 yields (noting that the second sum is zero if j = 1) 



l^jXAi 



^ l^KAl-l l^s^Ai-l / 



Since {q^ - 1) Es+i^jXAi g^-''"'"^ = g^^i-^-i _ ^^-i^ it follows that 



(e~v„ o Q,,r)(.En) ■ Wi, = ag^"-^i+i ( q^'-'nx,M 



2A1-S-1, 



Y 1"'^ " ^^A„ 

l^s^Ai 

On the other hand, applying Lemma 15.31 yields 

{CroEya){En)-uJi^=aq^'+^"~hn-uJi,=aq^" Y q^'~"^x,s- 

l^s^Ai 

Hence, (ev^ o Q„r)iEn) ■ ^^i^ = (Cr o Eva(-E„)) • for aU A € A(n,r). 



□ 



Remark 5.5. We believe that the equation (CroEva)(F„) = {eya°CA,r){En) holds as well. Thus, 
the following diagram is commutative: 



'5A(^^,r)c 



Uin)c 
Cr 

S{n,r)i 



However, the proof is much more complicated than the En case. Fortunately, the Identification 
Theorem we will establish requires only the compatibility for the En case. 
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In this section, we reproduce a theorem of Chari-Pressley [31 3.5]. There are two differences 
in our approach. First, the isomorphism given in [U 2.5] and used in the proof of [31 3.5(2) (3)] 
has been replaced by the isomorphism / given in 12.31 (see footnote 1). Second, the proof of 
[31 3.5] used a category equivalence [3l 3.2] which turns a simple Uc(s[„)-module into a simple 
Uc(0f„)-moduleand, hence, a Uc(0fn)-module under the evaluation map. We directly start with 
a simple g-Schur algebra module regarded as a simple C/c(0^n)"™o*^^l6 with a partition as the 
highest weight. It turns out that the description of the centers of the segments, which consist 
of the roots of a Drinfeld polynomial, is considerably simpler under this approach. 

For A € A+(n,r), let L{X) be the simple 5(n, r)c-module with highest weight A. 

Theorem 6.1. For a G C* and A € A+(n, r), let L{X)a be the inflated Uc(0l„)-?Tiodu/e by the 
evaluation map ev^ in (IS.l.ip . If L{X)a\^^fji ^ = -^^(P) with P = {Pi{u), P2{u), ■ ■ ■ ,Pn-i{u)), 
then 

Pji^)= n a-aq'^-'-'u) 

for 1 ^ j ^ n — 1. In particular, the roots of Pj{u) forms the segment [a~^q^~''^J~''^J+^; Xj — Aj+i) 
with center a^^q>^'^i^'^i+^ and length Xj — Aj+i. (Note that Xj = Aj+i =^ Pj{u) = 1-j 

Proof. The proof here follows that of [3, 3.5]. By Lemma [2^ we identify T)t^^c{n) with Uc(0ln) 
under the isomorphism /. Thus, Fj = xJq, Ej = x^q, and Ki = kj, for all 1 ^ j ^ n — 1, 
1 ^ i ^ n. With the notation in (|5.2.ip . we have Eva(-E'n) = o,q~^tnKiKn- 

Fix i € [l,n — 1]. Recall from (j2.2.ip the notation Xi. Then (j2.3.ip becomes = 
[—ly^^qXiHin. If wq is a highest weight vector in L(A)a, then, by Proposition 15.41 

(_l)i-lgA„-Ai+l;^.y^^ = ey^ O 4,r(^n) ■ Wq = Cr O EVaiEn) ' Wq = aq^'+^"-hnWO- 

Thus, 

(6.1.1) Xiwo = i-iy-^aq^^^'-^knwo. 

Let fj, = (fii, • • • , fJ-n-i) with fii = Xi — Aj+i and define recursively 

[Fi,[F2,--- , [Fi_i,xrj^_i . . ifj = i; 

[Fj , Xij^i]q-i , ifi + l^j^n-1. 

Then, Xi^n-i = Xi and 

-E'n-l'^i = En-lFn_iXin-2 — q ^'^i,n-2-E'n-l-^n-l 



(^fi — 1 1 \ 1 / — 1 1 \ 
Fn-lEn~l H 1 )Xi_n-2 — q '^i,n-2 ( -^ra-l-E-n-l H 1 )• 
q — q^^ q — q^^ 

By (QGL2), we see that ''"^ig'^r' Xi,n-2 = ^i,n-2 ''^"'^l_l-i^"~^ • Hence, 

En^lXiWo = {[Hn-l + 1] - q'^[fJ-n-l])Xi,n-2Wo- 



-1 
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Inductively, we obtain 

• • • En^iXiWo = {[fis + 1] - q~^[fis])^i,iWo 

and, similarly, 

Ei_iEi_2 ■ --EiXi^iWo = Ei^iEi^2 ■ ■■Ei[Fi, [F2, ■■■ , x.^Jg-i • • • Jg-iJ^-iwo 

Hence, 

^ 2) -^^-i ' ' ' E2EiEi+iEi+2 ■ ■ ■ En-iXiWQ = ([^^ + 1] - q'^[lJis])y^i^iWo- 

On the other hand, 

Ei_i ■ ■ ■ E2EiEi+iEi+2 ■ ■ ■ En-lfnWo = {[fis + 1] " q^^[fJ-s])Ei-i ■ ■ ■ E2Eifi+iWo 

= n i[^^s + l]-q-'[^s]) 



n M-q~^[^^s + i])F^wo. 



X 



This together with (|6.1.ip and the fact that 



implies that 



n [fJ-s] -q ^[fJ-s + M ^ / -.y-l 2(A,-Ai)-i+l 



x^^Wo = aq^^' ' ^FiWQ. 



Applying Ei to the above equation and noting (j).-^^=0 yields 
(6.1.3) cP+,Wo = aq^^^-'-\q^'^ - q-^'^)wQ. 

By the corollary in O 3.5], we may assume 

Thus, 

g^' „ , , ' = q^' + q'^'biiq^'^-^ - q'^'-')u + 0{u^). 
Pi{u) 

This together with (I2.3.2P and (|6.1.3p implies that 

Hence, 5j = aq^^^^^+^''^ and 

P^(n)= J] (1 - ag2(^"+i+^)-i-^) = W {l-aq^'-^-'u), 

as required. □ 



SMALL REPRESENTATIONS FOR AFFINE g-SCHUR ALGEBRAS 



15 



7. An Identification Theorem 

We now compute the dominant Drinfeld polynomials Q = {Qi{u), . . . ,Qn{u)) such that the 
Uc(Bfn)-™odule L{\)a = -^(Q)- By Theorem 16. 1^ it remains to compute Qn{u). This will be 
done by the action of the central elements on a highest weight vector wq S L(X). 

We first apply a result of James-Mathas to compute the action of zf on the simple S{n, r)c- 
module L{X) via the evaluation map ev^ in ()5.1.ip . 

The Hecke algebra T-L{r)c of the symmetric groups <3r admits a so-called Murphy's basis |15] 

Kt := T*^,)XxTa^t) I s,t G r(A),A G A+(r,r)}, 

where T*(A) is the set of all standard A-tableaux, * is the anti-involution satisfying = Ti, 
and d{t) is the permutation mapping the standard A-tableau (obtained by filling 1,2,... , r 
from left to right down successive row) to t. The subspace 'H'^'^ of 'H{r)c spanned by {x^t \ 
s,t G T%ti),iJ- > A} is a two sided ideal of'H{r)c. Let = xxH{r)c/ {xx'H{r)c nU^^). Then 
= yx'T^^,xxn{r)c (see, e. g., fH §3]). 

Similarly, for partition A of r, let T^^{X,n) (resp. T**(A,/i)) be the set of all semistandard 
A-tableaux with content in (resp., of content fi). Then, the tensor space can be 

identified with 

T(n,r) = ®f,<z^n,r)Xx'H{r)c, 
and the Murphy basis induces a basis (see, e.g., [TO] ) 

{ms,t I (S,t) G r^(A,n) x ^(A), VA G A+(n,r)}. 

Fix a linear ordering on A+(n, r) = {A^^^, A^^\ . . . , A^^-*} which refines the dominance ordering 
i.e., A^*^ > A'--'^ implies i < j- For each 1 ^ i ^ A, let Tj denote the subspace of T spanned 
by all nxs^t such that (S,t) G 7~**(A,n) x 7~*(A) for some A G {A«,...,A«}. Then we obtain a 
filtration by 5(n, r)c-?^(r)c-subbimodules: 

(7.0.4) = To C Ti C . . . C Ttv = T(n, r) 

such that = L(A(*)) ® S^*'' as 5(n, r)c-?^(r)c-bimodules. 

For A = A«, S G r''(A,n), s G T'{X), G r''(A, A), and as above, let ips = mg^^A 
and = n^T^ s + '^i-i- Then 

VT^ :=5(n,r)c(^x^ 

is a simple 5(n, r)c-module, isomorphic to L{X), and {<^s}sGT''=(A,n) forms a basis for PT''*. Since 
mjA tA = XA, (pjx7i{r)c = 'ip^x7i{r)c = with basis {ips}ser''{x)- 

Since are central elements in Uc(s[n), it follows that (ev^ o^^^)(z^) are central in S{n,r)c. 
By Schur's Lemma, (eva o ,,)(z^) acts on by a scalar c^(A). We now compute this scalar. 
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Lemma 7.1. Let A € A+(n,r) and t a positive integer. If (ev^ o C\_r)(zf ) acts on W'^ by 
cf{X) G C, then 

Proof. Under the ?^A(^)c-™odule isomorphism 17®'' = TA(n,r) and its restriction giving an 
?^(r)c-module isomorphism ^^^^ — T(n,r), we identify the two 7^A(^)c-iiiodules and the two 
?^(r)c-modules. In particular, the tensor oji^ identifies q~^^'^°'^'^Xj\^^\ = q~^^'^o-^^xx, where 
Ia = (1, . . . , 1, . . . , n, • • • , n) and wq^x is the longest element in 6\. 

Suppose (eva o C^,r)(z^) • = cf{X)(pj\. Then 
(7.1.1) {e\/aoCA,r)izt){xx) = ct{X)xx mod Ti_i. 

On the other hand, by Lemma |4.H 

r r 

(ei/a O C^_^)(Zj^)(xa) = a/a(<A,r(Zt'^))(xA) = ^alZj^ ' ^a) = £aixx -^X^^) = Xx '^Lf^ 

s=l s=l 

where Lg = eva(Xs) G 'H{r)c for all 1 ^ s ^ r. By [TUl 3.7], we have 

Xx ■ Ls = reStA(s)xA mod xx'H{r)c n Ti'^^, 
where, if s in is at row i and column j, then res^A(s) = ag^(-^~*) is the residu^ at s. Thus, 
{eyao(A,r){^t)(.^x) = "Y^x-Lf^^ ^ (reStA(s))=^*XA mod T*~^ 

Comparing this with (j7.1.ip yields 

cf(A)= Y: (res,A(.))±* = a±* 

as desired. □ 

Theorem 7.2. For a G C* and A G A+(n,r), suppose L{X)a = L{Q) for some Q G J2{n)r. 
Then Q = (Qi(^x), • • • ,Qm{u), 1, . . . , 1), where m is the number of parts of X, 

/or aZn ^ i ^ m — 1, and Qm{u) = nis;s^A„(l ~ aq'^^^~"^^u). 

Proof. Since ev^ is surjective, L{X)a is an irreducible 5A(n, r)c-module. Thus, by [H 4.5.8], there 
exists Q = {Qi{u), ■ ■ ■ ,Qn{u)) G Q{n)r such that L{X)a = L{Q). For 1 j n - 1, let 



^The q, Qi in [TD] are q^, a here. 
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By Theorems 13.11 and 16 . 1 1 we have, for 1 ^ j ^ n — 1, 

Thus, if 771 < n, then Pj{u) = 1, for aU m + 1 ^ j < n. Hence, Qi{u) = 1 for ah m < z ^ n and 

Ql{u) = Pi{u)P2{uq) ■ ■ ■ Pm-i{uq"''^)Pm{uq"'-'), 

Q2{u) = P2{uq-') ■ ■ ■ Pm^i{uq"'-^)Pmiuq"'-^), 

(7.2.1) 

Qm-l{u) = Pra-l{uq-^+^)Pm{uq-^+^), 

Qm{u) = Pmiuq-^+^). 

In particular, Qm{u) = Pm{uq~"^^^) = ni^s^A™(l ~ aq'^^^~"^^ u) , as required in this case. 
We now assume m = n. Then we have recursively, 

Qi{u) = Pi{uq-'+')P+i{uq-'+^) ■ ■ ■ P„_i(ng"-2*)Q„(V^""*^ 

for all 1 ^ i ^ n. We now compute Qn{u)- 

Let Wf) be a nonzero vector in L{X)x- Since zf = ^ Yli^i^n S,i,t under the isomorphism / in 
Lemma [231 Lemma l7. II implies 



gi,t ■ Wo = ct{X)wo = (eva o Q,^r{^t))wo = Yl 



tq^ 

Thus, by (|3.U.5|) . J2f{u) ■ wq = Qi^sWo for all s ^ give an identity in L(A)[[n]]: 

II Qi{u)wo= Yl ^+{u)-wo. 

However, by (|2.3.3p . 



= n exp(-E7(W(^-^)) 



II (l-ang^O-*) jw;o. 



Hence, 

(7.2.2) n Q*(^)= n n (^-^q^^'-'^^ 
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Since Qi{u) = Pi{uq-'+^)Pi+i{uq-'+^) ■ ■ ■ P„_i(ng"-2*)Q„(V^"~*^), we have 

(7.2.3) nQ*(^)= n (Pkiuq-'+')Pkiuq-''+^)---Pkiuq'-')] H Qn(V'). 



Now, 



n (Pk{uq-''+')Pk{uq->'+')---Pkiuq^-'))= J] 11 



n n (1 - "'^'^'■"^^^) 



n n i^-aq'^'-'H 



This together with ((7X2]) and (TTXsI) imphes that 

n Qn(V')= n n 

Hence, we have in L(A)[[ti]]: 



On the other hand, by (I2.3.3P again, 

(7.2.4) n ^niuq^')-wo = exp(-Y,T^gnJ Yl i^^f)) ■ wo 

Applying ln( ) formerly yields, 

= -E( E jH'"-')') 



Equating coefficients of u* gives 



Since 



a 



E EH^''-')'= E 



and Eo^/^n-i?^'''-'^* = £f^> it follows that 



[t\ 
t 



is;j^A„ 
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Substituting it in (j7.2.4p gives 

= Yl (1 - a^^^^""^n)'u;o. 

Hence, we obtain Qn{u) = nisgj^A„(l ~ aq^^^~^^u). □ 
Now, (I7.2.ip together with Theorem 16.11 implies immediately the following. 

Corollary 7.3. Suppose a G C* and A € A"'"(n,r) has m parts. If L{X)a — L{Q,) for some 
Q € ^{n)r, then, for all 1 ^ i ^ m, Qi{u) is the polynomial with degree Aj, constant 1, and 
roots forming the segment [a~^g~''*'^^*~"'^; Aj). 

8. Application to affine Hecke algebras 

By the evaluation map eva : 'H/},{r)c — > ?^(r)c defined in (j5.0.2p . every ?^(r)c-module 
defines a 'H/^{r) £-modnle Na- We now identify the simple 'HA(^')c-modules {E^)a for every 
partition ^ and a G C* in terms of multisegments in Recall from |12^ Th. 1.4] that the left 
cell modules Ex (A € A^(r)) defined in ()4.2.ip form a complete set of simple 7^(r)c-modules. 

By Theorem 17.21 we may define a map 

d:A+{n,r)xC* Q(n),, (A,a) ^Q(A,a) = (Qi(n), . . . , Q„(tx)), 

where g„(n) = Ria-^Jl " aq'^'^'^'^n) and P,(n) = ^^^^ = nA.^,+ia^A.(l " aq^'-'-'n) 
for l^i^n — 1. If n>r and A = (Ai, . . . , A^) has r) parts, then Q(A, a) has the form 
{Qi{u), . . . , Qmiu), 1, . . . , 1) as in (|7.2.ip . We now compute d~^{Q{X, a)). 

Lemma 8.1. Let n > r. Suppose the map d^^ o d : A+(r) x C* — > 5^r is given by (A, a) i — > 
s(A, a) and A has m parts. Then 

m 

1=1 Ai+i+l<fcs£Ai 

and the partition associated with s(A,a) is A'. 

Proof. Since the (inverses of the) roots of Pi{u) are 

{ag^*^-!-^ I A,+i + l^k^ 

by the definition of 3, s(A, a) consists of Aj — Aj+i segments with length i and centers 
aq^^-^-\ Ai+i + 1 /c ^ Ai, for all 1 ^ z ^ m. □ 

Recall from ()4.2.ip that, for each /i € A^(r), is the left cell module for 'H{r)c defined 
by Kazhdan-Lusztig's C-basis [12] associated with the left cell containing u;o,^, where wq^^ is 
the longest element in 6^. If denotes the Specht module contained in 'H{r)cXf^ (so that 

= 7i{r)cyf,'Tyj Xf,), then Sx' = Ex. 
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Proposition 8.2. For a e C* and A € A+(r). Let s = s(A,a) as above. Then {Sx)a = Vs- 



Proof. Assume n > r. Then there is an idempotent e G 5(n, r)c such that eS{n,r)ce = 'H{r)c. 
This algebra isomorphism gives rise to the so-called Schur functor from the category of finite 
dimensional iS(n, r)c-modules to the category of finite dimensional 'H(r)c-modules by sending 
N to eN. By Theorems and 17.21 we have 

L(A)„ - L(Q) - 17f ^n.ir)eVs, 

where Q = Q(A,a). Restriction gives an r)c-module isomorphism L{X) = J^®^ '^'H{r)c ^s- 
By applying Schur's functor, we see that 'H(r)c-module Vs is irreducible. Hence, Vg = Ey. 
Therefore, iSx)a = V,. □ 

Corollary 8.3. (1) For any partition A G A+(r) andn ^ r, if L{X) is the simple S{n,r)c-module 
with highest weight X, then eL[X) = S\. 

(2) If Q G Q{n)r and X = (deg Qi, . . . , deg Qn), and n is a weight of L(Q), then X under 
the dominance order <. 

Proof. Statement (1) follows the proof above. It remains to prove the second statement. By 
applying another type of Schur functor, we may assume n > r. Thus, L{Q) = il®'' '^■HA{r)c 
for some s € such that Q = Qs, and A' is the partition associated with s. Since, as a 7i{r)c- 
module, Vs = Ex' ® {(Bu>x'''t-i^,xEu) by (|4.2.ip . Thus, as a Uc(0f„)-module, the first assertion 
implies 

L(Q) ^ L(A) e (e.>A'n.,Af^®c ^ ^-') - ® i®u>x'n,,xLiiy')), 
where the second sum is over u with i^®^ (8> S,yi ^ 0. Now, since v \> X' implies v' <i X and the 
weight spaces of L{Q) as Uc(0ln)-module or as Uc(0tn) are the same, our assertion follows. □ 

Part (2) of the result above is |6j Lem. 4.5.1]. The proof here is different. 
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